Efficient single-photon-assisted entanglement concentration for partially entangled photon pairs 
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We present two realistic entanglement concentration protocols (ECPs) for pure partially entangled photons. A 
partially entangled photon pair can be concentrated to a maximally entangled pair with only an ancillary single 
photon in a certain probability, while the conventional ones require two copies of partially entangled pairs at 
least. Our first protocol is implemented with linear optics and the second one is implemented with cross-Kerr 
nonlinearities. Compared with other ECPs, they do not need to know the accurate coefficients of the initial state. 
With linear optics, it is feasible with current experiment. With cross-Kerr nonlinearities, it does not require the 
sophisticated single-photon detectors and can be repeated to get a higher success probability. Moreover, the 
second protocol can get the higher entanglement transformation efficiency and it maybe the most economical 
one by far. Meanwhile, both of protocols are more suitable for multi-photon system concentration, because 
they need less operations and classical communications. All these advantages make two protocols be useful in 
current long-distance quantum communications. 

PACS numbers: 03.67.Pp, 03.67.Mn, 03.67.Hk, 42.50.-p 



I. INTRODUCTION 

Entanglement plays an important role in current quantum 
information processing, such as quantum computation nj, 
quantum key distribution ^ [st], quantum teleportation H, 
controlled teleportation dense coding f^, and quantum- 
state sharing |7]. In the past ten years, a large number of ex- 
periments have been reported that quantum computation and 
quantum communication are more powerful in many aspects 
than their classical counterparts. In order to complete such 
quantum information processing protocols, the maximally en- 
tangled states are usually required. However, in a practi- 
cal transmission and storage, the entanglement inevitably will 
contact with the environment, and the noise will make the en- 
tanglement degrade. Generally speaking, the maximally en- 
tangled state such as Bell state |0+> = -^(|i/)|i/> + \V)\V)) 
may become a mixed state. That is 

Here |i/r+) = ^(|//>|y> + \V}\H}). It also may become a par- 
tially entangled state \(p} = Q'|//>|//>+y6|y)|y>, with \a\^ + \/3\^ = 
1. Here \H} i\V}) represents the horizontal (vertical) photon 
polarization. 

Entanglement purification can distill a set of mixed entan- 
gled states into a subset of highly entangled states with local 
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operation and classical communication jsj- fTsll . However, it 
can only improve the quality of the mixed state and can not 
get the maximally entangled state. On the other hand, entan- 
glement concentration, which will be detailed can be used to 
convert the partially entangled pairs to the maximally entan- 
gled ones 11161 42711 . In 1996, Bennett et al. proposed the first 
entanglement concentration protocol (ECP), named Schmidt 
decomposition protocol. In their protocol, they use the collec- 
tive measurements which are difficult to manipulate in exper- 
iment JT^. Bose et al. also proposed an ECP based on entan- 
glement swapping [vf] . But their protocol requires the collec- 
tive Bell-state measurement. Moreover, they need to know the 
coefficients in order to reconstruct the same entangled states. 
In 2001, Zhao et al. and Yamamoto et al. proposed two 
similar ECPs independently with polarization beam splitters 
(PBSs) il9l422ll . They have simplified the schmidt projection 
method and adopted the parity check to substitute the original 
collective measurement. Here we call it PBSl protocol. This 
idea has been developed to reconstruct the ECP with cross- 
Kerr nonlinearity, which can be used to construct the quantum 
nondemoUtion detectors (QND) Jll]. Here we call it QNDl 
protocol. 

The current ECPs have in common that, for instance, in 
Refs. 1 19„ i2ll I23I - I27I1 they need at least two copies of less- 
entangled (or say partially entangled) pairs initially. But af- 
ter performing the protocols, at most one pair of maximally 
entangled state can be obtained, or both of each should be 
discarded, according to the measurement results by classical 
communication. Local operation and classical communica- 
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tion can not be used to increase entanglement. Therefor, these 
ECPs are essentially the transformation of entanglement and 
the previous works of entanglement concentration are not op- 
timal. Actually, two copies of less-entangled pairs are not 
necessary. Using one copy of less-entangled pair to distillate 
high quality entanglement has been proposed in continuous 
variables system. In Ref. f2§\, Opatrny et al. showed the 
improvement on teleportation of continuous variables by pho- 
ton subtraction via conditional measurement. In 2008, He and 
Bergou proposed a general probabilistic approach for trans- 
forming a single copy of discrete entanglement state without 
classical communication |29]. 

In this paper, we describe two single-photon-assisted ECPs 
in which only one pair of less-entangled state and one sin- 
gle photon are required. The two ECPs are focused on the 
practical discrete less-entangled photon pairs and they are im- 
plemented with linear optics and cross-Kerr nonlinearity, re- 
spectively. Comparing with current ECPs, the single-photon- 
assisted ECPs are more economical. In the first ECP, with lin- 
ear optics, it can reach the same success probability as the pro- 
tocol of Ref. ll2lll . but requires only one pair of less-entangled 
state. In the second ECP, with the help of cross-Kerr non- 
linearity, it can be repeated to get a higher success probabil- 
ity. These advantages make the two protocols more feasible 
in practical applications. 

This paper is organized as follows: in Sec. II, we first ex- 
plain the basic principle of single-photon-assisted ECP with 
linear optics. We call it PBS2 protocol. In Sec. Ill, we extend 
this protocol to the system of cross-Kerr nonlinearity. We call 
it QND2 protocol. We show that sophisticated single-photon 
detectors are not required and the discarded items in PBS2 
protocol can also be reused to perform concentration. The 
higher success probability can be obtained than other proto- 
cols. In Sec. IV, we first calculate the entanglement transfor- 
mation efficiency, and then make a discussion and summary. 



II. SINGLE-PHOTON-ASSISTED ENTANGLEMENT 
CONCENTRATION WITH LINEAR OPTICS 

The basic principle of our PBS2 protocol is shown in Fig. 1 . 
The less-entangled pair of photons emitted from S i are sent to 
Alice and Bob. The photon a belongs to Alice and b belongs 
to Bob. The initial photon pair is in the following unknown 
state: 

m,m = a\H)ai\H)b, + l3\V)ai\V)iA- (2) 
The another source S 2 emits a single photon with the form of 

ma2^a\H)„2+l3\V)a2. (3) 

Here |ap + |ySp = 1. al, bl, and a2 are different spatial modes. 
The initial state of the three photons can be written as: 




Alice 



Bob 



FIG. 1: A schematic drawing of the single-photon-assisted ECPs 
with linear optics. 5i is the partial entanglement source and Si is. 
the single photon source. PBSs transmit the horizontal polarization 
component and reflect the vertical component. HWPgo and HWP45 
can rotate the polarization of the state by 90° and 45°, respectively. 



Alice first rotates the polarization state of the single photon 
|(5)fl2 by 90° by half-wave plate (HWP90 in Fig.l). Then the 
state can be rewritten as: 

= a-\H\n\H}hi\V}a3 + am)ai\H)bma3 

+ a/3\V),n\V}hl\V)a3 + /3^\V)ai\V}hl\H}a3 
= a^\H)ay\V)ai\H)bl +j6'|V>«l|//>a3|V>M 

+ ali(\H\i\H\i\H)by + \V)ay\V)ai\V)hy). (5) 

From above equation, it is evident that the items 
\H)a\\H)ai\H)hi and \V)„i\V)ai\V)bi will lead the two output 
modes cl and c2 both exactly contain only one photon. How- 
ever, item |//)ai| V)fl3|//)i!,i will lead two photons both in c2 
mode, and item \V)ai\H)ai\V)b\ will lead both photons in cl 
mode. Therefor, by choosing the three-mode cases, i.e. each 
modes of cl, c2 and bl exactly contain and only contain one 
photon, the initial state is projected into a maximally three- 
photon entangled state: 

1^)" = ^(|//>c-l|//>r2|//>M + \V)cx\V)a\V)bl), (6) 

V2 

with a probability of 2|ffy6p. 

In order to generate a maximally entangled Bell-state be- 
tween Alice and Bob, they could perform a 45° polarization 
measurement onto the photon c2. In Fig. 1, with quarter-wave 
plate (HWP45 in Fig- 1)> it can make: 

\H)c2 ^ -^{\H)c2 + \V),2), 

V2 

\V)c2^ -^(\H}a-\V}c2). 

V2 

After the rotation, Eq. (|6]l will evolve to 



(7) 



al 



= a^\HU\H}bi\H}a2 + al3\H)ax\H)hi\V)ai 

+ al3\V)alW)bl\H)„2+l3'\V)alW)blW)a2. (4) 



m'" = i^mci\H)hi + \v)cx\v)bi)\H),2 

+ i\H)cx\H)bl-W)cxW)bx)W),2. 



(8) 
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Now Alice lets the photon c2 pass through the PBS2. Clearly, 
if the detector Di fires, the photon pair is left in the state as 

\<P^)am = -^(\HUH}hi + \V),i\V)bi). (9) 

If the detector D2 fires, the photon pair is left in the state as 



Ihl 



1 

V5 



(10) 



Both of Eqs. ^ and ( fTOl ) are the maximally entangled states. 
One of them say Alice or Bob only needs to perform a phase 
flip to convert Eq. ( fTOl i to (|9]), and the whole concentration 
process is finished. It has the success probability of 2\a/3\^, 
which is the same as Ref . [21]. During the whole process, they 
do not require two copies of less-entangled pair, and only one 
pair and a single photon are required. Meanwhile, they do not 
need to know the exact coeflicients of the initial states \^)aibi 
and |0)fl2, but only require them to equal. 

From Fig.l, it is straightforward to extend this protocol 
to reconstruct maximally entangled multi-partite Greenberg- 
Horne-Zeilinger (GHZ) states from partially entangled GHZ 
states. 

The partially multi-partite entangled GHZ state with pho- 
tons can be written as: 



mM = a\H)AH)B ■■■//> +iiW)Ay)B ■ ■ ■ V). 



(11) 



Here the subscriptions A, B ■ ■ ■ denote the parties Alice, Bob, 
Charlie etc.. Each one owns one photon. With the same prin- 
ciple described above, Alice needs another single photon with 
the same form of Eq. (|3]l. After passing through the PBS, 
if the output modes of Alice's PBS both contain exactly one 
photon, then the whole system collapses into a -H 1 maxi- 
mally entangled state. Then with the same principle, they can 
obtain the A^-photon maximally entangled state by measuring 
one photon after rotating 45°. 

Interestingly, this protocol seems more feasibly for the con- 
centration of multi-photon GHZ system. First, in this proto- 
col, only Alice needs to perform this protocol, while in the 
conventional protocols lfT9il2lll25ll . all the parties should per- 
form the same operations with Alice. Second, in this proto- 
col, only Alice asks other parities to retain or discard their 
photons, and they do not need to check their measurement re- 
sults. It greatly simplifies the complication of classical com- 
munication. Third, multi -photon GHZ states are more difficult 
to generate in current condition. We can have the same suc- 
cess probability but only need one pair of less-entangled GHZ 
state. 



III. SINGLE-PHOTON-ASSISTED ENTANGLEMENT 
CONCENTRATION WITH CROSS-KERR NONLINEARITY 

So far, we have briefly described the single-photon-assisted 
ECP based on linear optics. In above description, Alice ex- 
ploits the PBS and sophisticated single-photon detectors to 
distinguish \HH) and \ VV) from \HV) and \ VH). It is essen- 
tially the parity-check measurement of polarization photons. 



al 



PBS 



a2 



Homodyne 
a2 



a2 



FIG. 2: The schematic drawing of the principle of the quantum non- 
demolition detector (QND) constructed by the cross-Kerr nonlinear- 
ity. It can also be shown in Ref. |25]. One can distinguish the state 
\HH) and \ VV) from \HV) and \ VH) by different phase shift of the 
coherent state. 



Unfortunately, with current technology, sophisticated single- 
photon detectors are not likely to be available, that makes this 
protocol cannot be achieved simply with only linear optics. 
In this section, we will introduce the cross-Kerr nonlinear- 
ity to construct QND, which can also be used to implement 
this protocol. Cross-kerr nonlinearity has been widely studied 
in the construction of CNOT gate IBOll . performance of com- 
plete Bell-state analysis JsT], entanglement purification fl3| 
and so on |32-4dl]. The Hamiltonian of a cross-Kerr nonlin- 
ear medium can be written as H - h-x^anb- Here the tiy is the 
coupling strength of the nonlinearity, which is decided by the 
material of cross-Kerr. The Uaint) is the number operator for 
mode a{b). 

If we consider a coherent state la) and a single photon - 
y\Q) + S\\) interact with the cross-Kerr nonlinearity, the whole 
system can be described as IsollsTll : 



Uck\m = {y\Q) + 6\l))\a) 

= yma) + 5\l)\ae'^). 



(12) 



Here |0) and 1 1 ) are the Fock states, which mean no photon and 
one photon respectively. 9 - xt and t is the interaction time. 
It is obvious that the phase shift of coherent state is directly 
proportional to the number of photons. 

In Fig. 3, we adopt the QND to substitute the PBS. Then the 
whole system \^)aib\ ® Y^')ai with the coherent state \a) can 
be written as: 

\'i')'\a) = maXbx®W)a^\a) 



£l3 



+ a/3\V}al\V}hl\V}a3 + mal\V}bl\H}a3)\a} 

^ a^\H\n\V}ai\H}bi\ae'^'} +y6'|V)«i|//)a3|V)Ml«) 
+ a/3{\H\n\HU\H}hi + \VU\V)a3\V}bi)\ae"}. 

(13) 

In above evolution, the items \H}ai\V)a3 and \V)a\\H)a3 pick 
up the phase shift with 20 and no phase shift, respectively. 
But the items \H}a\\H}a3 and |V)fli|V)fl3 both pick up the phase 
shift with 9. Therefor, if the phase shift of homodyne measure- 
ment is 9, Alice asks Bob to keep the whole state. Otherwise 
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FIG. 3: The schematic drawing of the ECP with QND. Here we sub- 
stitute the PBS shown in Fig.l with QND. This ECP can obtain a 
higher success probability. 



they discard the state. The remained state essentially is the 
state described in Eq. Therefor, following the same step 
described above, one can ultimately obtain the maximally en- 
tangled state |0^)ci;,i if Di fires, and get \(p^}c\b\ if D2 fires. 

In above description, Alice only picks up the instance in 
which the phase shift on his coherent state, and discards 
the other instances. If a suitable cross-Kerr medium is avail- 
able and Alice can control the interaction time f exactly, which 
makes the phase shift 6 = n, in this way, one can not distin- 
guish the phase shift and In. The discarded items in the 
above equation are 



0.1 0.2 0.3 0.4 0.5 0.6 0.7 
a 



FIG. 4: The success probability P of getting a maximally entangled 
state after performing the QND2 protocol N times (A' — > 00) is al- 
tered with the entanglement of the initial partially entangled state, i.e. 
a. For numerical simulation, we let N = 10 as a good approximation. 



Alice can also pick up the phase shift 6 and get the same state 
as Eq. The success probability of obtaining Eq. (|6]l is 



We can also get 



Pi = 



2\a/3\' 



2\a/3\' 



|4- 



(18) 



.18' 



|(D') 



a^\HUV),3\H)hi +/3^\V\.i\H)a3\V)hi, 



(14) 



with the probabihty of \a\ + Iy6| . Alice uses the HWP45 to 
rotate the photon in c2 and finally it is detected by Di or D2. 
Eq. ( fT4l i becomes 



|(D"> = a1//),i|//>M +/S^\VUV)hu 



if D] fires, and becomes 



\<^"'} = a-\H},i\H}bi-f^^\V}ci\V}M, 



(15) 



(16) 



if D2 fires. 

10") and lO'") are both the partially entangled states which 
can also be used to reconcentrate to a maximally entangled 
states. For instance, if they get AUce only needs to 

choose another single photon with the form of a^\H}a2 + 
0^\y)a2^ and follows the same method described above. That 
is: 



{a^\HU\H)hi +lf\V)ci\V)hi) 



® (ff2|//)„2+y6V)«2)( 



la) 



^ ia^\H),i\H)M + /3^\V)ci\V)i,i) 

® {a^\V}a2+/3^\H}a2)®\a} 

^ a'\H\a\V)a3\H}hi\ae'^') + 0'\V)ai\H)a3\V}bi\a} 

+ (a/3f(\H}ai\H)a3\H)M+\V}al\V)a3\V}M)\ae''}. 



(17) 



Pn = 



2\a/3\^ 



+ 



(19) 



where is the iteration number of our concentration pro- 
cesses. 

The total success probability to get a maximally entangled 
state from the initial partially entangled state is 



N=l 



J]P^ 



(20) 



= 1. 



Interestingly, ifQ'=yS = IJi' ^ ~ I + i + '^' + F 
But if a /3, P < I. Fig. 4 shows that the relationship 
between the coefficient of initial partially entangled state a 
and total success probability P. From Fig. 4, it is shown that 
the success probability is not a fixed value. It is related with 
the entanglement of the initial state, and it increases with the 
entanglement of the initial partially entangled state. 

We should point out that during a practical operation, the 
longer interaction time will induce decoherence from losses. 
It will make the output state become a mixed one. Therefor, 
by controlling the longer interaction time to make the phase 
shift 6 - n may not seem like an efficient way. Fortunately, 
another better alternative way is to rotate the coherent state in 
Eq. ( fTST l by 9. After rotation, Eq. (fTST l becomes 

^ a'\H)ama3\H)bx\ae''') 
+ l3'\y)ai\H)amhi\ae-'') 

+ a/3(|i/)„i|//)«3|//)M +|V)«i|V)«3|V)M)|ff). (21) 
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From above description, if the coherent state picks up no 
phase shift, the remained state is also the same as Eq. J6ll. 
Otherwise, one can use the homodyne detection 113011 . 

which makes the lae"^'^) can not be distinguished. In this way, 
the discarded state is also the same as it is described in Eq. 
(fl4l i. Moreover, with the help of QND, this protocol can also 
be extended to multi-photon system, and be used to recon- 
struct maximally entangled multi-photon GHZ state. It has 
the same success probability as shown in Fig. 4. 



IV. DISCUSSION AND SUMMARY 




By far, we have fully described our protocols with both PBS 
and QND. In each protocol, we only require one pair of less- 
entangled photons and a single photon. It is known that local 
operation and classical communication can not increase the 
entanglement. Therefor, entanglement concentration is essen- 
tially the transformation of entanglement. We define the en- 
tanglement transformation efliciency rj as: 



(22) 



Here £0 is the entanglement of initial partially entangled state, 
and Ec is the entanglement of the state after performing con- 
centration one time. Ec can be described as: 



Ec = P.,xl+ (1 -P,) x£". 



(23) 



The first item of Eq. ( |23] | means that after concentration, 
we get the maximally entangled state with the success prob- 
ability Ps- The second item means that the concentration is 
failure, and we get a more less-entangled pair Obviously, if 
we use the PBS to perform the concentration, the second item 
is for it collapses to a separated state \HV) or \ VH) in dif- 
ferent spatial modes ifigj I21I1 . For two-body pure entangled 
state. Von Neumann entropy is suitable to describe the entan- 
glement. Therefor, the entanglement of the initial state in Eq. 
© can be described as: 



£ = -|a|2log2|a|2-^|2log2 \f5\\ 
We calculate the rj of PBS 1 protocol as iEHI : 

2|af/3|2 X 1 \ap\ 



2E 



(24) 



(25) 



The '2' in the denominator means that initially we need two 
copies of less-entangled states with entanglement E. 
For QNDl protocol IH, 



E' 



QNDl 

IE 



(26) 



with 



+ (|d4 + '«'4- 



|a|4 + |B|4 , ,4 + |o|4 



ar + 



■l0g2 



ar + 



(27) 



FIG. 5: The entanglement transformation efficiency 77 is altered with 
the coefficient a after performing each protocols one time. Curves 
B, CD and E correspond to the protocols ofPBSl |21],QND1 |25], 
PBS2 and QND2 respectively. All the curves show that 77 increases 
with the entanglement of the initial entangled state. The QND2 pro- 
tocol has the highest transformation efficiency. It can reach maxi- 
mum value 1 when a = . 

V2 




FIG. 6: The entanglement transformation efficiency 7/ plotted against 
a after performing each protocols A' times (A' — > 00) in QND2 pro- 
tocol. For numerical simulation, we let A' = 10 as a good approxi- 
mation. 



In our protocol, we only need one pair of less-entangled 
state to perform the protocol. Therefor, in PBS2 protocol. 



and in QND2 protocol. 



210-/312 



= 2/7/: 



_ ^QNDl _ ^ 
HQNDI - - -^^QNDl- 



(28) 



(29) 



The relationship between the coefficient a and entanglement 
transformation efficiency is shown in Fig. 5. It is shown that 77 
is also not a fixed value, but increases with the initial entan- 
glement. In QND2 protocol, rj can reach the max value 1 with 
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a - which means that the initial one is the maximally 
entangled state. But in traditional protocols ll2Tll25ll . 77 < 0.5. 

We also calculate the limit of entanglement transforma- 
tion efficiency of QND2 protocol, by iterating the protocol 
(A^ — > 00) times. 

iv^oo 2/^=1 EnPn P 
^QNDi = ^- = Ya 

The E}^ means the entanglement of remained state after per- 
forming successful concentration in Nth iteration. It is a max- 
imally entangled state with - 1. Fig. 6 shows the relation- 
ship between a and transformation probability 77. Obviously, 
rj is monotone increasing with the entanglement of the initial 
state, and can get the max value 1 when the initial state is 
maximally entangled one, as a = 

In this paper, the basic elements for us to complete the task 
are the PBS and QND. In fact, both of them act as the same 
role, that is parity check. In Refs ll2lll and [|25], they also 
resort to PBS and QND to perform the concentration. But 
in each step, they require two pairs of less-entangled states. 
Our protocol shows that with only one pair of less-entangled 
state and a single photon, we can also achieve this task. This 
good feature makes these protocols have a higher entangle- 
ment transformation efficiency than others. In the processing 
of describing our concentration protocol, we exploit entangle- 
ment source and single photon source. An idea single photon 
source should exactly emit one and only one photon when the 
device is triggered. However, no single photon source and en- 
tanglement source will be ideal. In current technology, prac- 
tical pulse generated by a source may contain no photons or 
multiple photons, with different probability. We denote f ,„ as 
the probability of emitting m photons. Interestingly, Pq means 
no photon and will not give rise to errors. It only decreases the 
success probability of the protocol. Because only two pho- 
tons can not satisfy the three-mode cases. However, m > 2 
will give rise to errors. For example, m - 2 will lead both 
of the modes cl and c2 contain one photon in Fig.l which is 
a success event in our protocol. Fortunately, it is possible to 
make the probability of such events rather small. In Ref. ll4lll . 
it was reported that a single photon source whose Pq and P2 
are 14% and 0.08% respectively. Current spontaneous para- 
metric down-conversion entanglement source is analogy with 
the single photon source. It generates entangled pair with the 
form of llli 

|T> = Vi(lvflc) + + r'|0+>2 + ...). (31) 

The multi-photon items \(p^y^ can also cause errors. In prac- 
tical teleportation experiments, the ~ 10 ll42[l43ll . and the 
errors of multi-photon items is negligible. 

In Sec. Ill, we exploit cross-Kerr nonlinearity to implement 
our protocol. Although a lot of works have been studied in the 
area of cross-Kerr nonlinearity ll25il27l l30-40]. we should ac- 
knowledge that it is still a quite controversial assumption for 
a clean cross-Kerr nonhnearity in the optical single-photon 



regime. In 2002, Kok et al. pointed out that the Kerr phase 
shift is only r ss 10 in the optical single-photon regime 
ll44l I45I1 . In 2003, Hofmann showed that with a single two- 
level atom in a one-sided cavity, a large phase-shift of n can 
be achieved [46]. Gea-Banacloche showed that large shifts 
via the giant Kerr effect with single-photon wave packet is 
impossible in current technology [4^. The results of previ- 
ous works of Shapiro and Razavi are consistent with Gea- 
Banacloche 1I48II49I1 . Recently, He et al. discussed the feasi- 
bility of QND relies on the compatibility of small phase shift 
with large coherent state amplitude. They developed a gen- 
eral theory of the iteration between continuous-mode photonic 
pulses and applied it to the case of single photon interacting 
with a coherent state. They showed that if the pulses can fully 
pass through each other and the unwanted transverse-mode 
effects can be suppressed, the high fidelities, nonzero condi- 
tional phases, and high photon numbers are compatible iIstIi . 
Recent research also showed that using weak measurement, it 
is possible to amplify a cross-Kerr phase shift to an observ- 
able value, which is much larger than the intrinsic magnitude 
of the single-photon-level nonlinearity \5d]. 

In summary, we present two different protocols for nonlo- 
cal entanglement concentration of partially entangled states. 
We exploit both PBS and cross-Kerr nonlinearity to achieve 
the task. Our protocols have several advantages: first, they 
do not need to know the exactly efficiency a and /3 of the 
less-entangled pairs. Second, they also do not resort to the 
collective measurement. Third, with QND, it does not re- 
quire the parties to adopt the sophisticated single-photon de- 
tectors, and it can be iterated to get a higher success proba- 
bility. Fourth, compared with the previous works, the most 
significant advantage is that in each step we only need one 
pair of less-entangled state. It provides our protocols to ob- 
tain more higher entanglement transformation efficiency than 
others. Fifth, these protocols are more feasible for multi- 
photon GHZ state concentration, because they greatly reduce 
the practical operations and simplify the complication of clas- 
sical communication for each parties. All these advantages 
may make our protocols be more useful in practical applica- 
tions. 
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